We investigated the statistics of random lasing modes in colloidal solutions with local pumping. The ensemble-averaged spectral correlation function of single-shot emission spectra exhibits regular oscillations. The statistical distribution of laser emission intensity follows a power-law decay, in comparison with an exponential decay of the statistical distribution of amplified spontaneous emission (ASE) intensity. The dramatic difference between the statistics of lasing peaks and that of the stochastic ASE spikes illustrates their distinct mechanisms. © 2007 Optical Society of America OCIS codes: 290.4210, 140.3460. A random laser is a nonconventional laser whose feedback is mediated by random fluctuations of the dielectric constant in space. The formation of resonant lasing modes relies on the interference of scattered waves that return to the same coherence volume via different closed paths. The coherent interference effect selects the lasing frequencies, leading to discrete narrow peaks in the lasing spectrum [1] . Because the modes vary from sample to sample, their lasing characteristic can only be described quantitatively in terms of statistics. Despite many experimental studies on random lasers, there have been few related to the statistics of lasing modes [2, 3] . In addition to the lasing peaks, stochastic spikes are observed in the single-shot spectra of amplified spontaneous emission (ASE) from colloidal solutions over a wide range of scattering strength [4] . They are attributed to single spontaneous emission events that happen to take long open paths inside the amplifying random medium and pick up a large gain. It is not known how the statistics of random lasing peaks differ from that of the ASE spikes. In this Letter, we present a systematic experimental study on the statistical properties of random lasing modes and compare them with those of the ASE spikes. The spectral correlations and intensity statistics of lasing peaks are obtained with the colloidal solutions under local pumping. They are very different from those of the ASE spikes, underlying their distinct physical mechanisms. Our experiments were performed on the diethylene glycol solutions of Stilbene 420 dye and TiO 2 particles (mean radius, 200 nm). The experimental setup was the same as that in [5] . The motion of particles in the solution provides different random configurations for each pump pulse, which facilitates the ensemble measurement under identical conditions. The Stilbene 420 was intentionally chosen for the weak reabsorption of emitted light outside the pumped region. The absorption length l a at the center emission wavelength e = 427 nm was 6 cm at the dye concentration M = 8.5 mM. It was much larger than the dimension ͑ϳ1 cm͒ of the cuvette that holds the solution. At the particle density =3ϫ 10 9 cm −3 , the scattering mean free path l s Ӎ 1.3 mm at the pump wavelength p = 355 nm, and l s Ӎ 1.0 mm at e . Although l a Ӎ 10 m at p , the pump light penetrated much deeper than l a due to the saturation of absorption by intense pumping. The excitation volume had a cone shape with a length of a few hundred micrometers and a base diameter of 30 m. Because its length was smaller than l s , the excitation cone is almost identical to that of the neat dye solution. For the emitted light, the transport was diffusive in the entire colloidal solution whose dimension is much larger than l s . Light amplification, however, occurred only in the pumped region having a size of the submean free path.
A random laser is a nonconventional laser whose feedback is mediated by random fluctuations of the dielectric constant in space. The formation of resonant lasing modes relies on the interference of scattered waves that return to the same coherence volume via different closed paths. The coherent interference effect selects the lasing frequencies, leading to discrete narrow peaks in the lasing spectrum [1] . Because the modes vary from sample to sample, their lasing characteristic can only be described quantitatively in terms of statistics. Despite many experimental studies on random lasers, there have been few related to the statistics of lasing modes [2, 3] . In addition to the lasing peaks, stochastic spikes are observed in the single-shot spectra of amplified spontaneous emission (ASE) from colloidal solutions over a wide range of scattering strength [4] . They are attributed to single spontaneous emission events that happen to take long open paths inside the amplifying random medium and pick up a large gain. It is not known how the statistics of random lasing peaks differ from that of the ASE spikes. In this Letter, we present a systematic experimental study on the statistical properties of random lasing modes and compare them with those of the ASE spikes. The spectral correlations and intensity statistics of lasing peaks are obtained with the colloidal solutions under local pumping. They are very different from those of the ASE spikes, underlying their distinct physical mechanisms.
Our experiments were performed on the diethylene glycol solutions of Stilbene 420 dye and TiO 2 particles (mean radius, 200 nm). The experimental setup was the same as that in [5] . The motion of particles in the solution provides different random configurations for each pump pulse, which facilitates the ensemble measurement under identical conditions. The Stilbene 420 was intentionally chosen for the weak reabsorption of emitted light outside the pumped region. The absorption length l a at the center emission wavelength e = 427 nm was 6 cm at the dye concentration M = 8.5 mM. It was much larger than the dimension ͑ϳ1 cm͒ of the cuvette that holds the solution. At the particle density =3ϫ 10 9 cm −3 , the scattering mean free path l s Ӎ 1.3 mm at the pump wavelength p = 355 nm, and l s Ӎ 1.0 mm at e . Although l a Ӎ 10 m at p , the pump light penetrated much deeper than l a due to the saturation of absorption by intense pumping. The excitation volume had a cone shape with a length of a few hundred micrometers and a base diameter of 30 m. Because its length was smaller than l s , the excitation cone is almost identical to that of the neat dye solution. For the emitted light, the transport was diffusive in the entire colloidal solution whose dimension is much larger than l s . Light amplification, however, occurred only in the pumped region having a size of the submean free path.
The single-shot emission spectra from the colloidal solution are shown in Figs. 1(a)-1(c) with increasing pump pulse energy E p . At E p = 0.05 J [ Fig. 1(a) ], the spectrum exhibits sharp spikes on top of a broad ASE band. From shot to shot the spikes change com- pletely. The typical linewidth of the spikes is ϳ0.07 nm. The neighboring spikes often overlap partially. As pumping increases, the spikes grow in intensity. When E p exceeds a threshold, a different type of peak emerges in the emission spectrum [ Fig. 1(b) ]. These peaks grow much faster with pumping than the spikes and dominate the emission spectrum at E p = 0.13 J [ Fig. 1(c) ]. These peaks, with a typical width of 0.13 nm, are notably broader than the spikes. Unlike the spikes, the spectral spacing of adjacent peaks is more or less regular. We have repeated the experiment with solutions of different as well as the neat dye solution of the same M. The peaks can only be observed with particles in the solution, while the spikes appear also in the spectrum of emission from the neat dye solution [Figs. 1(d)-1(f)]. Although they are similar at E p = 0.05 J, the emission spectra with and without particles are dramatically different at E p = 0.13 J. Even under intense pumping, the emission spectrum of the neat dye solution has only spikes but no peaks [ Fig. 1(f) ]. The maximum spike intensity is ϳ50 times lower than the maximum peak intensity from the colloidal solution at the same pumping [ Fig. 1(c) ]. While the pump threshold for the appearance of peaks depends on , the threshold for the emergence of spikes in solutions with low is similar to that with =0.
In our previous experimental and numerical studies [5] , we concluded that the large peaks represent the lasing modes formed by the distributed feedback in the colloidal solution. Although the feedback is weak at low , the intense pumping strongly amplifies the backscattered light and greatly enhances the feedback. In contrast, the feedback from the particles is not necessary for the spikes that also exist in the neat dye solution. Thus the spikes are attributed to the ASE.
We investigated the spectral correlations and intensity statistics of lasing peaks and ASE spikes. The ensemble-averaged spectral correlation function C͑⌬͒ is obtained from 200 single-shot emission spectra acquired under identical conditions. We chose the wavelength range 425-431 nm, within which the gain coefficient had only a small variation, to compute C͑⌬͒ = ͗I͑͒I͑ + ⌬͒͘ / ͗I͑͒͗͘I͑ + ⌬͒͘ − 1. For =3ϫ 10 9 cm −3 , C͑⌬͒ changed dramatically with pumping [ Fig. 2(a) ]. Below the lasing threshold, it started with a small value at ⌬ = 0 and decayed quickly to zero as ⌬ increased. Above the lasing threshold, the amplitude of C͑⌬͒ grew rapidly, and regular oscillations with ⌬ developed. The oscillation period is ϳ0.27 nm, corresponding to the average spacing of lasing peaks. Despite the lasing peaks, change from shot to shot, the oscillations survived the ensemble average. This result confirms that the lasing peaks in a single-shot spectrum were more or less regularly spaced and that the average peak spacing was nearly the same for different shots. In contrast, C͑⌬͒ for the ASE spikes at = 0 barely changed with pumping [inset of Fig. 2(a) ]. It is similar to that of the colloidal solution below the lasing threshold where the spectrum has only ASE spikes. Although the ASE spikes produce irregular oscillations in the spectral correlation function of an individual single-shot spectrum, such oscillations are smeared out after averaging over many shots. This result reflects the stochastic nature of the ASE spikes.
We obtained the statistical distribution P͑␦͒ of wavelength spacing ␦ between adjacent lasing peaks and ASE spikes. The spectral resolution of our spectrometer is limited by the pixel size of the CCD array detector. Each pixel corresponds to a wavelength interval d = 0.02 nm. An ASE spike typically covers 3 − 4d; a lasing peak, 7 − 8d. We use the three-point peak-finding method, I͑͒ Ͼ I͑ ± d͒, to identify a spike or peak at . Figure 2 (b) presents P͑␦͒ for =0, 3ϫ 10 9 cm −3 , and E p = 0.13 J. Due to the finite width of spikes and peaks, we could not get P͑␦͒ at ␦ near 0. Since the emission spectra of neat dye solution at high pumping have no lasing peaks and the ASE spikes dominate the background noise, P͑␦͒ for = 0 reflects the wavelength spacing of ASE spikes. The solid curve in Fig. 2(b) represents an exponential fit, P͑␦͒ϳexp͑−␦ / ͗␦͒͘, where ͗␦͘ = 0.08 nm is the average spacing. It suggests that the spectral spacing of ASE spikes satisfies Poisson statistics, which means that the frequencies of individual ASE spikes are uncorrelated. P͑␦͒ for =3 ϫ 10 9 cm −3 features a second maximum at ␦ ϳ 0.2 nm, which results from the lasing peaks. The first maximum at ␦ ϳ 0 corresponds to the ASE spikes, as both lasing peaks and ASE spikes are selected by the three-point peak-finding method. To exclude the ASE spikes, we used the five-point peakfinding method, i.e., I͑͒ Ͼ I͑ ± d͒ Ͼ I͑ ±2d͒ to identify a peak at . Since the ASE spikes were narrow and closely packed, most of them were not selected. Consequently, P͑␦͒ at ␦ close to 0 is greatly peaks selected by the three-point peak-finding method. = 0 (circles), 3 ϫ 10 9 cm −3 (squares). E p = 0.13 J. The solid curve is an exponential fit P͑␦͒ = 22 exp͑−␦ / 0.082͒. Inset, P͑␦ / ͗␦͒͘ for =3ϫ 10 9 cm −3 and E p = 0.13 J, obtained with three methods: five-point peak-finding (squares), three-adjacent-point averaging followed by three-point peak-finding (crosses), or five-point peak-finding (triangles).
reduced [inset of Fig. 2(b) ]. The local maximum at ␦ ϳ 0.2 nm was narrowed and shifted to larger ␦. It becomes the global maximum. To confirm this result, we tried a different method. The emission spectrum was first smoothed by three-adjacent-point averaging. Most ASE spikes are smeared out, while the lasing peaks remain. Then we used either the threepoint peak-finding method or the five-point peakfinding method to identify the peaks. As shown in the inset of Fig. 2(b) , P͑␦͒ obtained with these methods were nearly identical. They all reach the maximum at ␦ = 0.27 nm, which coincides with the average lasing peak spacing obtained from the oscillation period of C͑⌬͒. This result reflects the spectral repulsion of lasing modes.
To study the statistics of emission intensity, we first computed the average intensity ͗I͑͒͘ from 200 single-shot emission spectra, then extracted the statistical distribution of the normalized emission intensity I͑͒ / ͗I͑͒͘ within the wavelength range 425-431 nm. In Fig. 3(a) , the log-log plot of P͑I / ͗I͒͘ for =3ϫ 10 9 cm −3 clearly reveals the power-law decay at large I above the lasing threshold. Solid lines represent the fitting P͑I / ͗I͒͘ϳ͑I / ͗I͒͘ −b , with b = 3.3, 2.5 for E p = 0.09 J, 0.13 J. Since only the high lasing peaks contribute to the tail of P͑I / ͗I͒͘, the powerlaw decay reflects the intensity statistics of lasing peaks. Below the lasing threshold, P͑I / ͗I͒͘ is similar to that of the neat dye solution, which exhibits an exponential tail. As shown in the log-linear plot of Fig.  3(b) , the exponential decay rate is almost the same for different pumping levels. The solid line is an exponential fit P͑I / ͗I͒͘ ϳ exp͑−aI / ͗I͒͘ with a = 5.1. In the absence of lasing peaks, the ASE spikes contribute to P͑I / ͗I͒͘ at large I. Therefore the exponential decay describes the intensity statistics of ASE spikes.
These experimental results demonstrate the fundamental difference between the ASE spikes and lasing peaks. The stochastic structures of the pulsed ASE spectra of neat dye solutions were observed long ago [6] . In our experiment, the observed ASE spikes originate from the photons spontaneously emitted near the excitation cone tip in the direction toward the cone base. As they propagated along the cone, these photons experienced the largest amplification due to their longest path length inside the gain volume. The ASE at the frequencies of these photons is the strongest, leading to the spikes in the emission spectrum. Since different ASE spikes originate from independent spontaneous emission events, their frequencies are uncorrelated, which leads to Poisson statistics of the frequency spacing of neighboring ASE spikes. In the colloidal solution of low , the large aspect ratio of the excitation cone results in lasing along the cone, confirmed by the directionality of lasing output. The large gain inside the cone greatly amplified the feedback from the scatterers within the cone as compared with those from outside the cone. Thus the lasing modes deviate from the quasi-modes of the passive system, as demonstrated by our recent numerical simulation [7] . The statistical distribution of the decay rate of the quasi-modes cannot be applied directly to the calculation of P͑I / ͗I͒͘ [8] [9] [10] . Moreover, the mode competition and gain saturation, as well as the initial spontaneous emission into individual modes, must be taken into account to reproduce P͑I / ͗I͒͘. The rapid variation of gain in time and space make the calculation of intensity statistics even more difficult. We hope our data will stimulate further theoretical studies.
